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Combined convection in an inclined channel bounded by porous walls is studied. 
Expressions for the velocity distribution, mass flow rate, and its fractional increases 
are obtained. When the upper permeable bed is at rest (I/ =O), the results are in 
agreement with that of Rudraiah and Wilfred (Nat. Acad. Sri. Left. 3 (1980), 49). 
Further, when the permeability parameter k + 0, the results agree with that of Ruth 
(“Department Report 129,” Univ. of Calgary, 1978). 1 1992 Acadenuc Press, In,:. 
1. INTRODUCTION 
In recent years, boundary value problems related to fluid flow through 
and/or past porous beds attracted the attention of scientists and engineers. 
Henry Darcy published the law governing the seepage of a homogeneous 
fluid in a homogeneous and isotropic porous medium in his Paris treatise. 
This subject is of vital interest to civil engineers dealing with the ground 
water flow and chemical engineers concerned with the oil seepage in the 
ground. Beavers and Joseph [l] postulated the slip condition (hereafter 
called BJ slip condition) at the nominal surface of the permeable bed. This 
slip condition is studied in detail by many other scientists like Taylor [2] 
and Richardson [3] for different models. In 1978, Ruth [4] investigated 
the flow through an inclined channel with rigid boundaries. Later, 
Rudraiah and Wilfred [S] analyzed the natural convection in an inclined 
layer bounded by porous material. 
In this paper the combined free and forced convection in an inclined 
channel with permeable boundaries with one of the boundaries moving is 
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studied. The expressions for the velocity, the temperature, the pressure, the 
mass flux, the fractional increases in mass flux, and the shear stress are 
obtained and are evaluated numerically for several sets of values of the 
parameters entering the problem. Some of the qualitatively interesting 
results are presented later and are discussed in Sect. 5. 
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Nomenclature 
(u, v, w) velocity of the fluid 
density of the fluid 
pressure 
density at T= To 
temperature 
permeability of the porous medium 
ambient temperature 
Grashof number 
acceleration due to gravity 
distance between porous layers 
Darcy velocity 
average Darcy velocity in the upper bed 
average Darcy velocity in the lower bed 
angle of the inclination of the channel to the horizontal 
temperature of the upper bed 
temperature of the lower bed 
kinematic viscosity 
the volumetric expansion coefficient 
velocity of the upper bed 
2. MATHEMATICAL FORMULATION OF THE PROBLEM 
Consider the Couette flow in an inclined channel bounded by two 
permeable beds with permeability k (see Fig. 1). The lower porous bed is 
at rest, whereas the upper one moves with a constant velocity U. Let the 
inclination of the channel to the horizontal be 4, the distance between the 
porous layers be h, and the temperatures of the lower and the upper beds 
be, respectively, To + AT/2 and TO - AT/2. Let the x-axis (the flow 
direction) be taken midway between the beds and the z-axis be taken 
perpendicular to the beds. The following assumptions are made in the 
analysis of the problem: 
(a) the fluid is Boussinesque, Newtonian, viscous, and incom- 
pressible: 
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FIG. 1. Physical model. 
(b) the flow is steady and the Grashof number is small; 
(c) the velocity u, in the axial direction is a function of z and 4 only; 
(d) the heat transfer takes place by conduction and hence the tem- 
perature is linear in z; and 
(e) the gravitational force g is taken into account, and the pressure 
is a function of x and z only. 
Under these assumptions the governing equations for the flow and heat 
transfer are 
d=u 8p 
p~-~-pgsin4=0, 
ap z+pgcos4=0, 
The Darcy velocity is 
Q=-i 
( 
g+pgsinfj . 
> 
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The boundary conditions of the problem are 
du 
z= ->(u~,-Q~) at ,-=Q, 
du LX 
,=$(u,:-Qzi at z= -h/2, 
(7) 
u=u,,+u at z = h/2, (9) 
U=UA, at z= -h/2, (10) 
7+y at z = h/2, (11) 
*=r,+F at z= -h/2, (12) 
p=o at x = 0, z = 0. (13) 
From the physical nature of the problem, it is reasonable to introduce the 
condition 
Q,+Qz=O. (14) 
Defining the nondimensional quantities (indicated by asterisks) 
u*=L -*=Z 
v/h’ - h’ 
.y*=" 
h’ 
,*=r 
AT’ 
,*=L 
ad’ 
(p=JL 
u/h ’ 
u;, = 3, o.g.3 
- v/h’ (15) 
Q*=$ Q:=$, 
and substituting (15) into (1))( 14), and for simplicity dropping the 
asterisks, we get 
P=PoC~-~(T-T,)ATI, (16) 
$--g(g+sin$)+Gr(T-T,)sing=O, 
I 
cos 4 = 0, 
&A 
z=o, 
a2T -= 
dz2 
0. 
(18) 
(19) 
(20) 
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l-g(T-T,) sin& 
‘? I 1 
3 (21) 
du -= 
dz -adUB, - Ql) 
du 
~=Wb-Q,) 
u-u,,+ u 
u=u B2 
T= To-i 
T= T,,+f 
p=o 
1 
at z=--, 2 
1 
at z=-- 
2’ 
1 
at z=- 
2’ 
1 
at z= --, 2 
1 
at z=--, 2 
1 
at z= --, 2 
at x = 0, z = 0, 
Ql+Q,=O, 
where q = gh3/v2, Gr = q/I AT, and c = h/fi. 
(22) 
(23) 
(24) 
(25) 
(26) 
(27) 
(28) 
(29) 
3. SOLUTION OF THE PROBLEM 
Solving Eq. (20) subject to the boundary conditions (26) and (27) we 
get the temperature distribution as 
T= To--z. (30) 
Similarly, solving (17) and (18) subject to the conditions (22)-(25) we 
get the velocity distribution in the form 
u= u[;+&z]+G+[z3-(a+()z], (31) 
where f= (a + 6c()/(2a + CU?). The slip velocities at the upper and lower 
beds can be obtained as 
u Gr sin C$ 
us\= --- -.L 2+aa 12 
(32) 
u Gr sin 4 
UB?=G+ 12 ---f: 
409 16h’?-7 
(33) 
398 VAJRAVELU, SREENADH, AND ARUNACHALAM 
On solving (17) and (18) subject to (28), we get the pressure distribution 
as 
p= -(z+~z2jcos+xsin~. 
Similarly, the Darcy velocity and the average Darcy velocities in the 
upper and lower beds can be obtained, respectively, as 
Gr sin d 
Ql= -7’ 
Gr sin 4 
Q2=7. (37) 
4. SOME DEDUCTIONS 
In this section we would like to derive some of the earlier results from 
our results. 
4.1. Upper Permeable Bed at Rest 
When the upper permeable bed is at rest (that is U = 0), the velocity field 
in nondimensional form becomes 
(38) 
with 
Gr sin qS 
l.4 El= -~ 12 f (39) 
and 
u (40) 
This is in agreement with the result of Rudraiah and Wilfred [S]. 
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4.2. Impermeable Boundaries 
AS k -+ 0 (that is, c + co) the boundaries become impermeable. The 
channel will be bounded by two rigid plates. The velocity field for the 
classical inclined Couette flow is 
Further, when U = 0, the velocity becomes 
Grsind u=- 
6 
(41) 
(42) 
which agrees with Ruth’s result [4] for the inclined Poiseuille flow between 
two rigid plates. 
4.3. Pressure Gradient 
It is observed that the pressure gradients in the channel and in the 
porous bed have the same value as that at the nominal surface. This is in 
agreement with the conditions imposed by Rudraiah and Veerabhadraiah 
[6] for the plane Couette flow over a permeable bed. 
5. DISCUSSION OF THE RESULTS 
In this section some physical quantities will be derived and discussed. 
5.1. Mass Flow 
The mass flow in dimensionless form is 
s 
I/2 
m= 4~ - ~0) dz 
~ l/2 
As k + 0, the above equation reduces to 
m/-POGr 
121 
u-Grsin# 
1 60 ’ 
(43) 
(44) 
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which is the mass flow rate for inclined Couette flow between two rigid 
plates. If the upper bed is at rest then 
m”= - p. Gr’ sin q5 p,, Gr2 sin Q 
72011 - 72~ 
f 
gives the mass flow rate for the flow in an inclined channel bounded by 
porous material. Further if the walls are rigid, then 
m,,, _ _ p. Gr’ sin 4 - 
72011 
describes the mass flow rate for the flow in an inclined channel with rigid 
36 a = 0.01 
32 
26 
I\‘; 
20 40 60 60 100 
CT 
FIG. 2. Fractional increases F, and F, fur Cl = I and Gr sin q4 = 70: lines for F, (--- 1 
and Fz (------I. 
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The ratio of the mass flow rates m and m’ is 
m= 1 + 10[ 12Uo + (a + 6~) Gr sin 41 
m’ a(2+cta)(-60U+ Grsin#) ’ (47) 
The fractional increase in the mass flow rate through the channel with 
permeable walls over what it would be if the walls were impermeable is 
m-mm’ 
F,=---= 
10[12Ua+(a+6a)Grsinq3] 
m’ 0(2+cta)(-60U+ Grsin 4) ’ (48) 
If the upper permeable bed is at rest, the fractional increase in mass flow 
rate (48) reduces to 
F,= 
lO(o + 6~) 
a(2+aa)' (49) 
The expressions for F, and F2 are evaluated numerically for several 
sets of values of the parameters, and some of the interesting results are 
TABLE I 
Values of F, and F, for Several Sets of Values of o and a (when I/ = 1 and Gr sin 4 = 70) 
ct=O.Ol r=O.l a =0.8 
LT F, F2 F, F2 F, F2 
5.0 40.40974 4.93659 36.16000 4.48000 24.86667 3.26667 
10.0 39.24762 4.79048 28.73334 3.53333 11.56000 1.48000 
15.0 38.26976 4.66977 24.22858 2.97143 7.45714 0.94286 
20.0 37.36818 4.55909 21.02499 2.57500 5.48889 0.68889 
25.0 36.51910 4.45511 18.59555 2.27556 4.33818 0.54182 
30.0 35.71304 4.35652 16.67999 2.04ooo 3.58462 0.44615 
35.0 34.94469 4.26262 17.12727 1.84935 3.05333 0.37905 
40.0 34.21042 4.17292 13.84167 1.69167 2.65882 0.32941 
45.0 33.50748 4.08708 12.75897 1.55897 2.35439 0.29 123 
50.0 32.83359 4.00480 11.83429 1.44571 2.11238 0.26095 
55.0 32.18680 3.92585 11.03515 1.34788 1.91541 Cl.23636 
60.0 31.56538 3.85000 10.33750 1.26250 1.75200 0.21600 
65.0 30.96777 3.77707 9.72308 1.18733 1.61425 0.19886 
70.0 30.39259 3.70688 9.17778 1.12064 1.49655 0.18424 
75.0 29.83855 3.63927 8.69053 1.06105 1.39484 Cl.17161 
80.0 29.30446 3.57411 8.25250 1.00750 1.30606 0.1606 1 
85.0 28.78926 3.51125 7.85658 0.95910 1.22790 0.15092 
90.0 28.29195 3.45057 7.49697 0.91515 1.15856 0.14234 
95.0 27.81160 3.39197 7.16888 0.87506 1.09663 0. I3468 
100.0 27.34734 3.33533 6.86833 0.83833 1.04098 0.12780 
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presented in Fig. 2 and in Table I. From (48) and (49) we note that F, is 
dependent on Gr sin 4, whereas F, is not. The curves for F, and F, are 
drawn for Gr sin d = 70 and U = 1. From Fig. 2 it is observed that the 
curves drawn for F, are always above the curves drawn for F2. Hence we 
infer that F, has considerably risen in value when compared with F2. That 
is, the movement of the upper porous bed is to increase the mass flow rate 
in the channel. F, and F, decrease with an increase in a for a fixed a. As 
the slip parameter cx increases, F, and F, decrease in the channel. When 
a + ~8, both F, and Fz tend to zero. This is so because as a -+ cT3, the 
channel will be bounded by the rigid walls. 
5.2. Shear Stress 
The velocity field in dimensional form can be expressed as 
u=uL~+~~]+~~[~-(a+l)z] 
The shear stress is 
du 
t=p--- 
d, 
The shear stress at the upper and lower permeable beds, respectively, are 
(51) 
and 
From (51) and (52) we infer that the upper and lower porous beds 
experience the same amount of shear stress. 
As U + 0, (50) reduces to 
which is the shear stress for the inclined Poiseuille flow between porous 
beds. The fractional increase in shear stress through the inclined Couette 
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flow between the porous beds over the inclined Poiseuille flow between 
porous beds is 
I=-- ryrr’--24h3U~~/{o(2+rrr)Grsin~[12z2-h2(1+4f)]}. (54) 
As 0 + co, (54) reduces to 
which gives the shear stress for the inclined Couette flow between two rigid 
walls. 
Let I, denote the fractional increase in shear stress through the inclined 
Couette flow bounded by permeable beds over the flow with the imper- 
meable walls. Then 
5 - To 
I,=---= 
4h2[ 12Uh - (2 + cm) of Gr sin 41 
(2+cra)24Uh3+Grsin&12z2-h2)’ (56) TO 
5.3. Average Velocity 
The average velocity is 
1 hi2 u 
u 
a’ =h ! udz=-. -,,I2 2 
From this we conclude that the average velocity is independent of the 
permeability parameter k. 
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